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Definition

The ”generating function” for a 
sequence 𝑎", 𝑎$, 𝑎%, 𝑎&, … is:

𝑎" + 𝑎$𝑥 + 𝑎%𝑥$ + 𝑎&𝑥% + …
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ways can you roll a sum of 5?
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Combinatorics

Dice 1:   (1 OR 2 OR 3 OR 4 OR 5 OR 6)

Dice 2:   (1 OR 2 OR 3 OR 4 OR 5 OR 6)

Combinations that sum to 5:

Given 2 6-sided dice, in how many 
ways can you roll a sum of 5?

4 ways



Combinatorics

Another way to represent the same 
question using polynomials …

Given 2 6-sided dice, in how many 
ways can you roll a sum of 5?



Combinatorics

After multiplying the product

(𝑥" + 𝑥$ + 𝑥% + 𝑥& + 𝑥8 + 𝑥9)(𝑥" + 𝑥$ + 𝑥% + 𝑥& + 𝑥8 + 𝑥9)

what is the coefficient of the 
term with 𝑥8?

Given 2 6-sided dice, in how many 
ways can you roll a sum of 5?
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After multiplying the product

= 𝑥$ + 2𝑥% + 3𝑥& + 4𝑥8 + 5𝑥9 + 6𝑥> + 5𝑥?
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Given 2 6-sided dice, in how many 
ways can you roll a sum of 5?
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Combinatorics

Poly 1:    (𝑥" + 𝑥$+ 𝑥% + 𝑥& + 𝑥8 + 𝑥9)

Poly 2:    (𝑥" + 𝑥$+ 𝑥% + 𝑥& + 𝑥8 + 𝑥9)

Given 2 6-sided dice, in how many 
ways can you roll a sum of 5?
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4 as coef.



Combinatorics
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Combinatorics
Given 2 6-sided dice, in how many 
ways can you roll a sum of 5?

Find the coefficient of 𝑥8 in the product:
(𝑥" + 𝑥$ + 𝑥% + 𝑥& + 𝑥8 + 𝑥9)(𝑥" + 𝑥$ + 𝑥% + 𝑥& + 𝑥8 + 𝑥9)

⇵



Combinatorics
Given 2 6-sided dice, in how many 
ways can you roll a sum of 5?

Find the coefficient of 𝑥8 in the product:
(𝑥" + 𝑥$ + 𝑥% + 𝑥& + 𝑥8 + 𝑥9)(𝑥" + 𝑥$ + 𝑥% + 𝑥& + 𝑥8 + 𝑥9)

⇵

Possibilities for Dice 1 Possibilities for Dice 2
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Partitions
• A partition of a positive integer 

n is a representation of n as a 
sum of other positive integers

• E.g. 5 = 1 + 4 = 1 + 2 + 2

2 distinct partitions
Note: 1 + 4 and 4 + 1 are NOT 
distinct partitions.
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Partitions
Problem: For any natural number n, 
prove that the number of partitions 
into unequal parts equals the number 
of partitions into odd parts.

Unequal parts: the numbers in each partition are distinct
Odd parts: the numbers in each partition are odd



Partitions
Example (unequal parts):

= 5
= 4 + 1
= 3 + 2

5



Partitions
Example (unequal parts):

= 8
= 7 + 1
= 6 + 2
= 5 + 3
= 5 + 2 + 1
= 4 + 3 + 1
= 3 + 3 + 1 + 1

8



Partitions
Example (odd parts):

= 5
= 3 + 1 + 1
= 1 + 1 + 1 + 1 + 1

5



Partitions
Example (odd parts):

= 7 + 1
= 5 + 3
= 5 + 1 + 1 + 1
= 3 + 3 + 1 + 1
= 3 + 1 + 1 + 1 + 1 + 1
= 1 + 1 + 1 + 1 + 1 + 1 + 1 + 1
= 6 + 2

8



Partitions
How do we prove this?



Partitions
Given 2 6-sided dice, in how many 
ways can you roll a sum of 5?

Find the coefficient of 𝑥8 in the product:
(𝑥" + 𝑥$ + 𝑥% + 𝑥& + 𝑥8 + 𝑥9)(𝑥" + 𝑥$ + 𝑥% + 𝑥& + 𝑥8 + 𝑥9)

⇵
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of a number 𝑛 into unequal parts.
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Let sequence 𝐷 = (𝑑., 𝑑", 𝑑$, … ),
where 𝑑, is the number of partitions 
of a number 𝑛 into odd parts.

Let sequence 𝐶 = (𝑐., 𝑐", 𝑐$, … ),
where 𝑐, is the number of partitions 
of a number 𝑛 into unequal parts.



Partitions

Let sequence 𝐷 = (𝑑., 𝑑", 𝑑$, … ),
where 𝑑, is the number of partitions 
of a number 𝑛 into odd parts.

Let sequence 𝐶 = (𝑐., 𝑐", 𝑐$, … ),
where 𝑐, is the number of partitions 
of a number 𝑛 into unequal parts.

Prove that  𝑐, = 𝑑, for all 𝑛 ≥ 0.
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Partitions
Defining generating functions:

𝑃I 𝑥 = 𝑐. + 𝑐"𝑥 + 𝑐$𝑥$ + …
𝑃J 𝑥 = 𝑑. + 𝑑"𝑥 + 𝑑$𝑥$ + …

Proving 𝑃I 𝑥 = 𝑃J 𝑥

Proving 𝑐, = 𝑑, for all 𝑛 ≥ 0.

⇵
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Partitions
Solving for 𝑃I 𝑥

1      OR      no 1

2      OR      no 2

3      OR      no 3

4      OR      no 4

5      OR      no 5

AND

AND

AND

AND
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Solving for 𝑃I 𝑥

1      OR      0

2      OR      0

3      OR      0

4      OR      0

5      OR      0

= 4 + 15
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Solving for 𝑃I 𝑥

1      OR      0

2      OR      0

3      OR      0

4      OR      0

5      OR      0

= 3 + 25
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1      OR      0

2      OR      0

3      OR      0

4      OR      0

5      OR      0

AND

AND

AND

AND
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Solving for 𝑃I 𝑥

In 𝑥" + 𝑥. 𝑥$ + 𝑥. 𝑥% + 𝑥. …, the 
coefficient of 𝑥, is 𝑐,.
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In 𝑥" + 𝑥. 𝑥$ + 𝑥. 𝑥% + 𝑥. …, the 
coefficient of 𝑥, is 𝑐,.

In 𝑃I 𝑥 , the coefficient of 𝑥, is 𝑐,.
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Solving for 𝑃I 𝑥

So,

𝑃I 𝑥 =	 𝑥" + 𝑥. 𝑥$ + 𝑥. 𝑥% + 𝑥. …
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Solving for 𝑃J 𝑥

Partitions into odd parts



Partitions
Solving for 𝑃J 𝑥

no 1  OR  one 1  OR  two 1’s  OR …
AND

AND

AND

AND

no 3  OR  one 3  OR  two 3’s  OR …

no 5  OR  one 5  OR  two 5’s  OR …

no 7  OR  one 7  OR  two 7’s  OR …

no 9  OR  one 9  OR  two 9’s  OR …
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0*1  OR  one 1  OR  two 1’s  OR …
AND

AND

AND

AND

0*3  OR  one 3  OR  two 3’s  OR …

0*5  OR  one 5  OR  two 5’s  OR …

0*7  OR  one 7  OR  two 7’s  OR …

0*9  OR  one 9  OR  two 9’s  OR …
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0*9  OR  1*9  OR  2*9  OR …

= 55



Partitions
Solving for 𝑃J 𝑥

0*1  OR  1*1  OR  2*1  OR …

0*3  OR  1*3  OR  2*3  OR …

0*5  OR  1*5  OR  2*5  OR …

0*7  OR  1*7  OR  2*7  OR …

0*9  OR  1*9  OR  2*9  OR …

= 3 + 1
+ 1

5



Partitions
Solving for 𝑃J 𝑥

0*1  OR  1*1  OR  2*1  OR …
AND

AND

AND

AND

0*3  OR  1*3  OR  2*3  OR …

0*5  OR  1*5  OR  2*5  OR …

0*7  OR  1*7  OR  2*7  OR …

0*9  OR  1*9  OR  2*9  OR …



Partitions
Solving for 𝑃J 𝑥
𝑥. +     𝑥" +    𝑥$ + …

∗

𝑥. +     𝑥% +    𝑥9 + …

𝑥. +     𝑥8 +    𝑥". + …

𝑥. +     𝑥> +    𝑥"& + …

𝑥. +     𝑥@ +    𝑥"? + …

∗

∗

∗



Partitions
Solving for 𝑃J 𝑥
𝑥. +     𝑥" +    𝑥$ + …

∗

𝑥. +     𝑥% +    𝑥9 + …

𝑥. +     𝑥8 +    𝑥". + …

𝑥. +     𝑥> +    𝑥"& + …

𝑥. +     𝑥@ +    𝑥"? + …

∗

∗

∗



Partitions
Solving for 𝑃J 𝑥
𝑥. +     𝑥" +    𝑥$ + …

∗

𝑥. +     𝑥% +    𝑥9 + …

𝑥. +     𝑥8 +    𝑥". + …

𝑥. +     𝑥> +    𝑥"& + …

𝑥. +     𝑥@ +    𝑥"? + …

∗

∗

∗



Partitions
Solving for 𝑃J 𝑥
𝑥. +     𝑥" +    𝑥$ + …

∗

𝑥. +     𝑥% +    𝑥9 + …

𝑥. +     𝑥8 +    𝑥". + …

𝑥. +     𝑥> +    𝑥"& + …

𝑥. +     𝑥@ +    𝑥"? + …

∗

∗

∗

Coefficient of 
𝑥8 is 𝑑8 = 3



Partitions
Solving for 𝑃J 𝑥
𝑥. +     𝑥" +    𝑥$ + …

∗

𝑥. +     𝑥% +    𝑥9 + …

𝑥. +     𝑥8 +    𝑥". + …

𝑥. +     𝑥> +    𝑥"& + …

∗

∗

∗
.
.



Partitions
Solving for 𝑃J 𝑥
𝑥. +     𝑥" +    𝑥$ + …

∗

𝑥. +     𝑥% +    𝑥9 + …

𝑥. +     𝑥8 +    𝑥". + …

𝑥. +     𝑥> +    𝑥"& + …

∗

∗

∗
.
.

Coefficient of 
𝑥, is 𝑑,



Partitions
Solving for 𝑃J 𝑥

In
the coefficient of 𝑥, is 𝑑,.

𝑥. + 𝑥" + 𝑥$ + … 𝑥. + 𝑥% + 𝑥9 + … 𝑥. + 𝑥8 + 𝑥"8 + … …



Partitions
Solving for 𝑃J 𝑥

In
the coefficient of 𝑥, is 𝑑,.

In 𝑃J 𝑥 , the coefficient of 𝑥, is 𝑑,.

𝑥. + 𝑥" + 𝑥$ + … 𝑥. + 𝑥% + 𝑥9 + … 𝑥. + 𝑥8 + 𝑥"8 + … …



Partitions
Solving for 𝑃J 𝑥

So,

𝑃J 𝑥 = 
𝑥. + 𝑥" + 𝑥$ + … 𝑥. + 𝑥% + 𝑥9 + … 𝑥. + 𝑥8 + 𝑥"8 + … …



Partitions
Solving for 𝑃I 𝑥

Partitions into unequal parts

𝑃I 𝑥 =	 𝑥" + 𝑥. 𝑥$ + 𝑥. 𝑥% + 𝑥. …



Partitions
Solving for 𝑃I 𝑥

Partitions into unequal parts

𝑃I 𝑥 =	 𝑥" + 1 𝑥$ + 1 𝑥% + 1 …



Partitions
Solving for 𝑃J 𝑥

Partitions into odd parts

𝑃J 𝑥 = 
𝑥. + 𝑥" + 𝑥$ + … 𝑥. + 𝑥% + 𝑥9 + … 𝑥. + 𝑥8 + 𝑥"8 + … …



Partitions
Proving that 𝑃I 𝑥 = 𝑃J 𝑥



Partitions
Proving that 𝑃I 𝑥 = 𝑃J 𝑥

𝑃I 𝑥 =	 𝑥" + 1 𝑥$ + 1 𝑥% + 1 …



Partitions
Proving that 𝑃I 𝑥 = 𝑃J 𝑥

𝑃I 𝑥 =	 𝑥" + 1 𝑥$ + 1 𝑥% + 1 …
=			 "6L

M

"6L
"6LN

"6LM
"6LO

"6LP
…
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Proving that 𝑃I 𝑥 = 𝑃J 𝑥

𝑃I 𝑥 =	 𝑥" + 1 𝑥$ + 1 𝑥% + 1 …
=	 "6L

M

"6L
"6LN

"6LM
"6LO

"6LP
…
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Proving that 𝑃I 𝑥 = 𝑃J 𝑥

𝑃I 𝑥 =	 𝑥" + 1 𝑥$ + 1 𝑥% + 1 …
=	 "6L

M

"6L
"6LN

"6LM
"6LO

"6LP
"6LQ

"6LN
"6LRS

"6LT
"6LRM

"6LO
…



Partitions
Proving that 𝑃I 𝑥 = 𝑃J 𝑥

𝑃I 𝑥 =	 𝑥" + 1 𝑥$ + 1 𝑥% + 1 …
=	 "6L

M

"6L
"6LN

"6LM
"6LO

"6LP
"6LQ

"6LN
"6LRS

"6LT
"6LRM

"6LO
…



Partitions
Proving that 𝑃I 𝑥 = 𝑃J 𝑥

𝑃I 𝑥 =	 𝑥" + 1 𝑥$ + 1 𝑥% + 1 …
=	 "6L

M

"6L
"6LN

"6LM
"6LO

"6LP
"6LQ

"6LN
"6LRS

"6LT
"6LRM

"6LO
…



Partitions
Proving that 𝑃I 𝑥 = 𝑃J 𝑥

𝑃I 𝑥 =	 𝑥" + 1 𝑥$ + 1 𝑥% + 1 …
=	 "6L

M

"6L
"6LN

"6LM
"6LO

"6LP
"6LQ

"6LN
"6LRS

"6LT
"6LRM

"6LO
…



Partitions
Proving that 𝑃I 𝑥 = 𝑃J 𝑥

𝑃I 𝑥 =	 𝑥" + 1 𝑥$ + 1 𝑥% + 1 …
=	 "6L

M

"6L
"6LN

"6LM
"6LO

"6LP
"6LQ

"6LN
"6LRS

"6LT
"6LRM

"6LO
…



Partitions
Proving that 𝑃I 𝑥 = 𝑃J 𝑥

𝑃I 𝑥 =	 𝑥" + 1 𝑥$ + 1 𝑥% + 1 …
=	 "6L

M

"6L
"6LN

"6LM
"6LO

"6LP
"6LQ

"6LN
"6LRS

"6LT
"6LRM

"6LO
…



Partitions
Proving that 𝑃I 𝑥 = 𝑃J 𝑥

𝑃I 𝑥 =	 𝑥" + 1 𝑥$ + 1 𝑥% + 1 …
=	 "6L

M

"6L
"6LN

"6LM
"6LO

"6LP
"6LQ

"6LN
"6LRS

"6LT
"6LRM

"6LO
…



Partitions
Proving that 𝑃I 𝑥 = 𝑃J 𝑥

𝑃I 𝑥 =	 𝑥" + 1 𝑥$ + 1 𝑥% + 1 …
=	 "6L

M

"6L
"6LN

"6LM
"6LO

"6LP
"6LQ

"6LN
"6LRS

"6LT
"6LRM

"6LO
…

=	 "
"6L "6LP "6LT "6LU …



Partitions
Proving that 𝑃I 𝑥 = 𝑃J 𝑥

𝑃J 𝑥 = 𝑥. + 𝑥" + 𝑥$ + … 𝑥. + 𝑥% + 𝑥9 + … 𝑥. + 𝑥8 + 𝑥"8 + … …



Partitions
Proving that 𝑃I 𝑥 = 𝑃J 𝑥

𝑃J 𝑥

Geometric series

= 𝑥. + 𝑥" + 𝑥$ + … 𝑥. + 𝑥% + 𝑥9 + … 𝑥. + 𝑥8 + 𝑥"8 + … …



Partitions
Proving that 𝑃I 𝑥 = 𝑃J 𝑥

𝑃J 𝑥

Geometric series:
𝑟. + 𝑟" + 𝑟$ + …

= 𝑥. + 𝑥" + 𝑥$ + … 𝑥. + 𝑥% + 𝑥9 + … 𝑥. + 𝑥8 + 𝑥"8 + … …



Partitions
Proving that 𝑃I 𝑥 = 𝑃J 𝑥

𝑃J 𝑥

Geometric series:
𝑟. + 𝑟" + 𝑟$ + … = "

"6W

= 𝑥. + 𝑥" + 𝑥$ + … 𝑥. + 𝑥% + 𝑥9 + … 𝑥. + 𝑥8 + 𝑥"8 + … …



Partitions
Proving that 𝑃I 𝑥 = 𝑃J 𝑥

𝑃J 𝑥

Geometric series:
𝑟. + 𝑟" + 𝑟$ + … = "

"6W
when r < 1

= 𝑥. + 𝑥" + 𝑥$ + … 𝑥. + 𝑥% + 𝑥9 + … 𝑥. + 𝑥8 + 𝑥"8 + … …



Partitions
Proving that 𝑃I 𝑥 = 𝑃J 𝑥

𝑃J 𝑥 =
=	 "

"6L
"

"6LP
"

"6LT
…

𝑥. + 𝑥" + 𝑥$ + … 𝑥. + 𝑥% + 𝑥9 + … 𝑥. + 𝑥8 + 𝑥"8 + … …



Partitions
Proving that 𝑃I 𝑥 = 𝑃J 𝑥

𝑃J 𝑥 =
=	 "

"6L
"

"6LP
"

"6LT
"

"6LU
…

𝑥. + 𝑥" + 𝑥$ + … 𝑥. + 𝑥% + 𝑥9 + … 𝑥. + 𝑥8 + 𝑥"8 + … …



Partitions
Proving that 𝑃I 𝑥 = 𝑃J 𝑥

𝑃J 𝑥 =
=	 "

"6L
"

"6LP
"

"6LT
"

"6LU
…

=	 "
"6L "6LP "6LT "6LU …

𝑥. + 𝑥" + 𝑥$ + … 𝑥. + 𝑥% + 𝑥9 + … 𝑥. + 𝑥8 + 𝑥"8 + … …



Partitions
Proving that 𝑃I 𝑥 = 𝑃J 𝑥

𝑃I 𝑥 =		 "
"6L "6LP "6LT "6LU …



Partitions
Proving that 𝑃I 𝑥 = 𝑃J 𝑥

𝑃I 𝑥 = 𝑃J 𝑥 =	 "
"6L "6LP "6LT "6LU …



Partitions
Proving that 𝑃I 𝑥 = 𝑃J 𝑥

𝑃I 𝑥 = 𝑃J 𝑥



Partitions
Defining generating functions:

𝑃I 𝑥 = 𝑐. + 𝑐"𝑥 + 𝑐$𝑥$ + …
𝑃J 𝑥 = 𝑑. + 𝑑"𝑥 + 𝑑$𝑥$ + …

Proving 𝑃I 𝑥 = 𝑃J 𝑥

Proving 𝑐, = 𝑑, for all 𝑛 ≥ 0.

⇵



Partitions
Defining generating functions:

𝑃I 𝑥 = 𝑐. + 𝑐"𝑥 + 𝑐$𝑥$ + …
𝑃J 𝑥 = 𝑑. + 𝑑"𝑥 + 𝑑$𝑥$ + …

Proving 𝑃I 𝑥 = 𝑃J 𝑥

Proving 𝑐, = 𝑑, for all 𝑛 ≥ 0.
⇵



Partitions

Proving 𝑃I 𝑥 = 𝑃J 𝑥

Proving 𝑐, = 𝑑, for all 𝑛 ≥ 0.
⇵

Problem: For any natural number n, 
prove that the number of partitions 
into unequal parts equals the number 
of partitions into odd parts.

⇵



Partitions

Proving 𝑃I 𝑥 = 𝑃J 𝑥

Proving 𝑐, = 𝑑, for all 𝑛 ≥ 0.
⇵

Problem: For any natural number n, 
prove that the number of partitions 
into unequal parts equals the number 
of partitions into odd parts.

⇵

✓



Partitions

Proving 𝑃I 𝑥 = 𝑃J 𝑥

Proving 𝑐, = 𝑑, for all 𝑛 ≥ 0.
⇵

Problem: For any natural number n, 
prove that the number of partitions 
into unequal parts equals the number 
of partitions into odd parts.

⇵

✓

✓

✓



Partitions

We proved it!
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