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Definition

The ”generating function” for a
sequence (aq,a,, as, ay, ...) 1S:

a; + a,x + azx® + azx> + ..
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Substituting 1 into x:

(o) + () + )+ () =2
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Substituting -1 into x:

(D) () ()=
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|dentities

O+ (e Qv (= cermn

Taking the derivative:

(T) + 2 (Z)x + 3 (g) X244 n (Z) 1 =n(x + 1)1

Substituting 1 into x:

(7;) +2 (;l) +3 (Z) + 47 (Z) = n2n-1
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Combinatorics

Given 2 6-sided dice, in how many
ways can you roll a sum of 5?7

Dice1: (1 OR20OR 3 0OR40R5 OR 6)
AND

Dice 2: (1 OR2 OR 3 OR 4 OR 5 OR 6)
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Combinations that sum to 5:
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Combinatorics

Given 2 6-sided dice, in how many
ways can you roll a sum of 5?7

Combinations that sum to 5:
Dice1: (1OR2OR 3 0OR40R5O0R6é6)

4 ways
Dice2: (10OR2O0OR30R40R5O0R6)
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Another way to represent the same
question using polynomials ...



Combinatorics
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ways can you roll a sum of 5?7
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term with x°?
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Combinatorics

Given 2 6-sided dice, in how many
ways can you roll a sum of 5?7

After multiplying the product
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Combinatorics

Given 2 6-sided dice, in how many
ways can you roll a sum of 5?7

After multiplying the product

P Hx? o xS+ +x Fx xt +x° 4 x)

= x2 +H2x3|4 3x* + 4x°> + 5x° + 6x7 + 5x8
4x° + 3x10 + 2x11 4 x12



Combinatorics

Given 2 6-sided dice, in how many
ways can you roll a sum of 5?7

Poly 1:  (x! 4+ x?+x3 + x* + x> + x°)

Poly 2:  (x!'+ x?+x3 +x* + x> + x°%)
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Combinatorics

Given 2 6-sided dice, in how many
ways can you roll a sum of 5?7

Finding the coefficient of x°:
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Combinatorics

Given 2 6-sided dice, in how many
ways can you roll a sum of 5?7

Finding the coefficient of x°:
Poly 1:  (x! 4+ x?+x3 + x* + x> + x°)
4 as coef.

Poly 2:  (x!'+ x?+x3 +x* + x> + x°%)



Combinatorics

Given 2 6-sided dice, in how many
ways can you roll a sum of 5?7

Combinations that sum to 5:
Dice1: (1OR2OR 3 0OR40R5O0R6é6)

4 ways
Dice2: (10OR2O0OR30R40R5O0R6)
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Combinatorics

Given 2 6-sided dice, in how many
ways can you roll a sum of 5?7

)

Find the coefficient of x> in the product:
(et +x? 2%+ 2t + 2% +x0)ct +x% 1%+ xt + x4 x°)

Possibilities for Dice 1 Possibilities for Dice 2
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Partitions

* A partition of a positive integer
n is a representation of n as a
sum of other positive integers

« Eg.5=1+4=1+2+2

\ /

2 distinct partitions

Note: 1 +4and 4 + 1 are NOT
distinct partitions.
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Partitions

Problem: For any natural number n,
prove that the number of partitions
into unequal parts equals the number
of partitions into odd parts.

Unequal parts: the numbers in each partition are distinct
Odd parts: the numbers in each partition are odd



Partitions

Example (unequal parts):

D=3
=4 + 1
=3 +2




Partitions

Example (unequal parts):

8=8

=7+ 1
=6+ 2
=5+ 3
=5+2+1
=4+ 3+ 1
=3+3+1+1




Partitions

Example (odd parts):

D=3
=3+1+1
=1+1+1+1+1




Partitions

Example (odd parts):

8=7+1

=5+ 3

=5+1+1+1
=3+3+1+1
=3+1+1+1+1+1
=1+1+1+1+1+1+1+1
=6+2



Partitions

How do we prove this?




Partitions

Given 2 6-sided dice, in how many
ways can you roll a sum of 5?7

)

Find the coefficient of x> in the product:
O+ x?+ 203+t 0 +x®) (ot + 2+ 2% xt +x° +x®)
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Partitions

Let sequence C = (cy, ¢q1,Co, ... ),
where c,, is the number of partitions
of a number n into unequal parts.

Let sequence D = (dy,dq, d,, ...),

where d,, is the number of partitions
of a number n into odd parts.

Prove that ¢, =d,, foralln = 0.



Partitions




Partitions

Defining generating functions:




Partitions

Defining generating functions:

P.(x) =cog + cix + cx% + ...

Pd(X) — do T dlx + d2x2 + ...



Partitions

Defining generating functions:

P.(x) =cog + cix + cx% + ...

Pd(X) — do T dlx + d2x2 + ...

Proving c,, = d,, for all n = 0.

)

Proving P.(x) = P;(x)
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Solving for P.(x)
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Partitions

Solving for P.(x)

1 OR no 1
AND

2 OR no 2
AND

3 OR no 3
AND

4 OR no 4
AND

5 OR no 5
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Solving for P.(x)

1 OR O
2 OR O
3 OR O
4 OR O
5 OR O
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Solving for P.(x)

1 OR 0
2 OR 0
3 OR 0
4 OR 0
5 OR O




Partitions

Solving for P.(x)

1 OR O 5=4+ 1
2 OR 0
3 OR 0
4 OR O
5 OR 0




Partitions

Solving for P.(x)

1 OR O
2 OR 0
3 OR O
4 OR 0
5 OR 0

5=3+2



Partitions

Solving for P.(x)

1 _OR_ 0
2 _OR__0
3 OR_
1 OR G
5 OR G




Partitions

Solving for P.(x)

21 + 50
12 + 50
13 + 50
——
——;




Partitions

Solving for P.(x)

xt o+ x?
Xt o+ xE
x>+ xz
x* + xz
x5 o+ xO




Partitions

Solving for P.(x)

x4
Xt o+ xE
x>+ xz
:x4 50
x5+ x0




Partitions

Solving for P.(x)

1 1+ 0
x2 4+ 2
3+ xO
x* o+ xz
x5+ x0




Partitions

Solving for P.(x)

1 + 0 Distribution
* 5 3 x°’s

22 + 50

L + 50

x4 + XO

5 4 0




Partitions

Solving for P.(x)

1 + 0 Coefficient of
: x> iS¢z = 3

22 + 50

X3 + XO

x4 + XO

5 + 0




Partitions

Solving for P.(x)

1 1+ 0
2+ 0
x>+ x°
—



Partitions

Solving for P.(x)

1 + 0 Coefficient
: of x™ is c,

22 + 50

X3 + XO

x4 + 50
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Solving for P.(x)

In (x! + x9)(x?% + xY)(x3 + xY) ..., the
coefficient of x" is c,,.



Partitions

Solving for P.(x)

In (x! + x9)(x?% + xY)(x3 + xY) ..., the
coefficient of x" is c,,.

In P.(x), the coefficient of x" is c,,.



Partitions
Solving for P.(x)

So,

P.(x)=(ct +x9)(x% + x93 +x9) ...
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Solving for P;(x)
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Solving for P;(x)

Partitions into odd parts




Partitions

Solving for P, (x)

no1 OR one1 OR two 1’s

OR ...

AND

no 3 OR one 3 OR two 3’s

OR ...

AND

no5 OR oneb5 OR two b5’s

OR ...

AND

no/7 OR one7 OR two 7’s

OR ...

AND

no9 OR one 9 OR two 9’s

OR ...




Partitions

Solving for P, (x)

0*1 OR

one1 OR two 1’s

OR ...

AND

0*3 OR

one 3 OR two 3’s

OR ...

AND

0*5 OR

one 5 OR two 5’s

OR ...

AND

0*7 OR

one 7 OR two 7’s

OR ...

AND

0*9 OR

one 9 OR two 9’s

OR ...




Partitions

Solving for P, (x)

0*1 OR 1*1 OR two 1’s

OR ...

AND

0*3 OR 1*3 OR two 3’s

OR ...

AND

0*5 OR 1*5 OR two bh’s

OR ...

AND

0*7 OR 1*7 OR two 7’s

OR ...

AND

0*9 OR 19 OR two 9’s

OR ...
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0*9 OR 19 OR 2*9 OR...
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0*1 OR 11 OR 2*1 OR..
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Partitions

Solving for P, (x)

0*1 OR 1*1 OR 2*1 OR..

0*3 OR 1*3 OR 2*3 OR..

0*5 OR 1*5 OR 2*5 OR..

0*7 OR 1*7 OR 2*7 OR..

0*9 OR 1*9 OR 2*9 OR ..

5

5



Partitions

Solving for P, (x)
01 OR 11 OR 2*1 OR..| 5=3+ 1

0*3 OR 1*3 OR 2*3 OR..

0*5 OR 1*5 OR 2*5 OR...

0*7 OR 1*7 OR 2*7 OR..

0*9 OR 1*9 OR 2*9 OR ..
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Solving for P, (x)

0*1 OR 11 OR 2*1 OR..

AND

0*3 OR 1*3 OR 2*3 OR..

AND

0*5 OR 1*5 OR 2*5 OR..

AND

0*7 OR 1*7 OR 2*7 OR..

AND

0*9 OR 19 OR 2*9 OR...
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Solving for P, (x)
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Solving for P, (x)
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Solving for P, (x)

x0  +  x1

-+
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Solving for P, (x)

-+

xY o+
xY o+
xY o+
xY o+
xY o+

Coefficient of
x5 iS d5 — 3
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Solving for P, (x)

x° +  x1 o+




Partitions

Solving for P, (x)
O o+ 4l o+ x2 4+ Coefficient of
x™1s d,
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Solving for P;(x)

IN O +xt+x2+ )OO+ x3+x6+ )G +x5+x5+ ).

the coefficient of x™ is d,,.




Partitions

Solving for P;(x)

IN GO+ xt+x2+ )G+ x3+x6+ )G +x5+x5+ ).
the coefficient of x™ is d,,.

In P;(x), the coefficient of x™" is d,,.



Partitions

Solving for P;(x)

So,

Py(x) =

O+ x4+ 22+ )P +x3+x04+ )G+ x>+xP+ .0
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Solving for P.(x)
Partitions into unequal parts

P.(x)=(ct + x9)(x% + x93 +x9) ...



Partitions

Solving for P.(x)
Partitions into unequal parts

PX)=(x'+1Dx*+1D)(x3+1)..
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Solving for P;(x)

Partitions into odd parts

Py(x) =

O+ x4+ 22+ )P +x3+x04+ )G+ x>+xP+ .0
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Proving that P.(x) = P;(x)

PxX)=(x'+1D*+1Dx3+1)..
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Proving that P.(x) = P;(x)

PxX)=Gx'+1D*+DE3+1)..

- () 2 )-




Partitions
Proving that P.(x) = P;(x)

PxX)=Gx'+1D*+DE3+1)..

= (2) () () -




Partitions
Proving that P.(x) = P;(x)

PxX)=Gx'+1D*+DE3+1)..

_ (1—x2) (1—x4) (1—x6) (1—x8) (1—x10) (1—x12)
1—x 1-x2/) \1—-x3/ \1-x4 1—x> 1-x6 /)




Partitions
Proving that P.(x) = P;(x)

P.(x)=(x!+ 1D(x? + 1)(x +1)..

- ) () () () (2 (22 -




Partitions
Proving that P.(x) = P;(x)

P.(x)=(x!+ 1D(x? + 1)(x + 1) ...

= 65569 (59 (9) (59) () -




Partitions
Proving that P.(x) = P;(x)

PxX)=(0@x'+ D%+ D(x3 + 1)

_ﬁfﬁ%(ﬁ? 1—xs (%«)
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Proving that P.(x) = P;(x)

P.(x) = (x1 + 1)(x + 1) (x3 + 1)
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Proving that P.(x) = P;(x)

PxX)=Gx'+1D*+DE3+1)..
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Proving that P.(x) = P;(x)

PxX)=Gx'+1D*+DE3+1)..




Partitions
Proving that P.(x) = P;(x)

PxX)=Gx'+1D*+DE3+1)..

T (1=0)(1—x3)(1—x5)(1—x7)..
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Proving that P.(x) = P;(x)

Pi(x)= O+xt+x2+ )@ +x3+x0+ .)® +x% +x




Partitions
Proving that P.(x) = P;(x)

Pi(x)= O+xt+x2+ )@ +x3+x0+ .)® +x% +x

Geometric series
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Geometric series:
rO+rt 4144 ..



Partitions
Proving that P.(x) = P;(x)

Pd(x) = @ +xt+x%4+ )P+ a0+ D)+ )

Geometric series:

1
r0 +rl 412 4+ -



Partitions
Proving that P.(x) = P;(x)

Pd(x) = @ +xt+x%4+ )P+ a0+ D)+ )

Geometric series:
1
r9+rt+r2 4+ .. =—when |r| < 1



Partitions
Proving that P.(x) = P;(x)

Pd(x) = @ +xt+x%4+ )P+ a0+ D)+ )

= (=) (=) (=) -
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Proving that P.(x) = P;(x)

Pd(x) = @ +xt+x%4+ )P+ a0+ D)+ )

- (=) () (=) (=) -
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Proving that P.(x) = P;(x)

Pd(x) = @ +xt+x%4+ )P+ a0+ D)+ )

- (=) () (=) (=) -

1
 (1-x0)(1-x3)(1-x3)(1-x7)...




Partitions
Proving that P.(x) = P;(x)

1
(1-x)(1-x3)(1-x>)(1—x7)...

Pc(x) —




Partitions
Proving that P.(x) = P;(x)

1
(1-x)(1—-x3)(1-x>)(1—x7)...

Pe(x) = Py(x) =




Partitions
Proving that P.(x) = P;(x)

Pe(x) = Py(x)
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Defining generating functions:
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Defining generating functions:

P.(x) =cy + cix + cx% + ...

Pd(X) — do T dlx + d2x2 + ...

Proving c,, = d,, for all n = 0.

0
Proving P.(x) = P;(x)



Partitions

Problem: For any natural number n,
prove that the number of partitions
into unequal parts equals the number
of partitions into odd parts.

0
Proving c,, = d,, for all n = 0.

0
Proving P.(x) = P;(x)




Partitions

Problem: For any natural number n,
prove that the number of partitions
into unequal parts equals the number
of partitions into odd parts.

0
Proving c,, = d,, for all n = 0.

0
Proving P.(x) = P;(x)




Partitions

Problem: For any natural number n,
prove that the number of partitions
into unequal parts equals the number
of partitions into odd parts.

0
Proving c,, = d,, for all n = 0.

0
Proving P.(x) = P;(x)




Partitions

We proved it!
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